Let A" be a real uniformly convex and uniformly smooth Banach space. For any 1 < p < oo , J , J* respectively denote the duality mapping with gauge function ç(t) = tp~ from X onto X* and X* onto X. If T : X -» X is a bounded linear operator, then M(T) : X -» X is the mapping defined by M(T) = J*T* J T , where T* : X* -► X* is the adjoint of T and q = (p -l)~lp . It is proved that if Tn is a sequence of operators on X such that || 7), || < 1 for all n , then M(Tn,..., Tx)x strongly converges in X for any x € X , with an estimate of the rate of convergence: 
Introduction
Let X be a real Banach space, with dual space X* and associated generalized duality pairing denoted by (•,•>. Suppose that X and X* are both uniformly convex (therefore, reflexive). We identify X = X** in the usual way. For any 1 < k < oc , let Jk be defined by Let Tn : X -* X, n > 1 , be an arbitrary sequence of linear contractions (namely, \\Tn\\ < I , n > 1 ). In a recent paper [1] , Akcoglu and Sucheston proved that M(Tn---Tx)f strongly converges in Lp spaces (1 < p < oo) as n -> oo for every element f e L . This result has several interesting consequences and applications [1, 2, 7] (in particular, it generalizes the well-known theorems of Stein [8] , Rota [9] , and Von Neumann [2] ). In this note, we extend this result to the general cases of uniformly convex and uniformly smooth Banach spaces. Our argument will differ from that which Akcoglu and Sucheston used, allowing us to give an explicit estimate on the rate of convergence of M(Tn---Tx)x.
Preliminaries
Recall that a Banach space X is said to be uniformly convex if the modulus of X that is defined by âx(e) := inf{ 1 -||x + y\\/l : ||x|| = ||y|| = 1, ||x -y\\ < e} is positive for any e e (0, 1] ; X is said to is uniformly smooth (or equivalently, X* is uniformly convex) if the modulus of smoothness of X defined by Px(r) := sup {^ + JÜZÜ-i:W = i, M < T} satisfies the equality limT_>oo px(x)/x = 0. It is known [3, Proposition l.e.2] that there exists a complete duality between uniform convexity and uniform smoothness: X is uniformly convex (smooth) if and only if X* is uniformly smooth (convex). We shall employ the following characteristics of these spaces that were recently established by the authors in [6] :
Lemma 1 [6] . Let X be a uniformly convex Banach space and k > 1 be an arbitrary real number. Then there exists a positive constant cx such that 'pUA "p-^-ii ^ n-"ii rx which completes the proof of the lemma. Q.E.D.
Results
Theorem 4. Let X be a uniformly convex and uniformly smooth Banach space, and Tn : X -> X, n > 1, be an arbitrary sequence of (linear) contractions. Then M(Tn---Tx)x converges strongly in X as n -> oo for any x e X. Thus, in either case, {M(Tn ■ ■ ■ Tx)x} is a Cauchy sequence for any x e X. Consequently, lim^^^ M( Tm ■ ■ -Tx)x = M(x) exists for every x e X. Taking the limit as m -> oo in the two sides of the inequality (7) and noting that \\M(Tm ■ ■ ■ Tx)x\\ = \\R*nS*mJpgJq-x, we then obtain
Obviously, to complete the proof, it remains to show that
Distinguish between two possible cases: Hence, (9) is justified in this case also. With this, the proof is complete. Q.E.D.
As a special case of Theorem 4, we have Theorem 5. Let X = lp, Lp, or W^, 1 < p < oo, be the usual sequence spaces, function spaces, or Sobolev spaces, and Tn : X => X, n > 1, be an arbitrary sequence of (linear) contractions and x G X. Then M(Tn---Tx)x converges strongly in X as n -> oo, with the estimate of the rate of convergence:
where k is an absolute constant and kx, k2 are given by ,2, 1 <p < 1, , (a, 1 <p < 1, (10) kx = 1 2, p>l.
Q, P>1,
Proof. It is known [3] [4] [5] Since kx < q < k2 from (10) and \\R*nJpgn\\ < \\gnf < \\x\\p~l , it follows that \\M(Tn ■ ■ -T,)x -M(Tm■ •• r,)x|| < k\\x\\[l -\\Smgn\\pl\\gn\\pf^)lkl for any m > n > 1 , x ^ 0, and some constant k > 0. From this, the conclusion of Theorem 5 obviously follows. This completes the proof. Q.E.D.
